The paper is concerned with a delayed diffusive predator-prey system where the growth of prey population is governed by Allee effect and the predator population consumes the prey according to Beddington-DeAngelis type functional response. The situation of bi-stability and the existence of two coexisting equilibria for the proposed model system are addressed. The stability of the steady state together with its dependence on the magnitude of time delay has been obtained. The conditions that guarantee the occurrence of the Hopf bifurcation in presence of delay are demonstrated. Furthermore, the direction of the Hopf bifurcation and the stability of the bifurcating periodic solutions are determined by the normal form theory and the center manifold theorem. Finally, some numerical simulations have been carried out in order to validate the assumptions of the model.
Introduction
In this paper, we consider the following delayed diffusive predator-prey system with Beddington-DeAngelis functional response and strong Allee effect:
, (x, t) ∈ × (, +∞),
(x, t) ∈ × (, +∞), is the growth function considering Allee effect. The so-called Allee effect dates from , Allee reported that the prey growth rate is negative or an increasing function at low population density [] . The Allee effect is caused by various kinds of biological and environmental factors, such as difficulties in finding mates, low probability of successful mating, depletion in inbreeding rate, anti-predator aggression, predator avoidance due to evolutionary change, etc. It is well known that delays which occur in the interaction between predator and prey play a complicated role in a predator-prey system. Many researchers have incorporated it into biological models [-] as delays could affect the stability of a predator-prey system by creating instability, oscillation, and chaos phenomena. The reason for introducing a delay into model () is that the predator species may need time τ to possess the ability of predation after it was born.
u(x, t) = u  (x, t), v(x, t) = v  (x, t), (x, t) ∈ × [-τ , ], ∂u(t,x) ∂n
On the other hand, in real life the species is spatially heterogeneous and hence individuals will tend to migrate towards regions of lower population density to increase the possibility of survival [] . Hence, in model (), we consider the factor of diffusion.
In this paper, we will study the Hopf bifurcation of system (), the direction of Hopf bifurcation and the stability of the bifurcating periodic solutions with the help of the theory of the normal form and center manifold [] .
The remaining part of this paper is organised as follows: In Section , we study the existence and boundedness of the system. The existence of possible equilibria are studied in Section . The sufficient conditions ensuring linear stability of equilibria and the existence of Hopf bifurcation of the coexisting equilibrium are obtained in Section . In Section , we investigate the direction and stability of Hopf bifurcation by applying the center manifold method and the normal form theory. Numerical results for the proposed model system are presented in Section . Finally, a conclusion is presented in Section .
Existence and boundedness of solution of system (1)
In this section, we discuss the existence of solution of system (), and an a priori bound of the solution is also established. Theorem . For system (), we have:
Hence, system () is a mixed quasi-monotone system. Consider the following system:
) are a pair of lower-solution and upper-solution to system (). Therefore, according to Theorem .. in [] or Theorem .. in [] , system () has a unique globally defined solution (u(x, t), v(x, t)) which satisfies
The strong maximum principle implies that u(x, t), v(x, t) >  when t >  for all x ∈¯ .
(b) From the above discussions, we obtain u( 
uniformly for x ∈¯ . The limit behavior of u(x, t) is determined by the semiflow generated by the scalar parabolic equation
According to the discussions in [] and [] , every orbit of () converges to a steady state u s . Therefore, (u(x, t), v(x, t)) tends to (u s (x), ) uniformly as t → ∞.
(d) By the second equation of (), we easily find that there exists
The existence of equilibria
In this section, we will find all possible non-negative equilibria. Clearly, system () has four feasible non-negative equilibria, namely: () the trivial point E  = (, ); () the boundary equilibrium E  = (m, ), representing the state corresponding to the extinction of predator; () the boundary equilibrium E  = (K, ), representing the state corresponding to the extinction of predator; () the coexisting equilibrium point(s) E * = (u * , v * ).
At the coexisting equilibrium, we must have
and u satisfies
where
A  = -Kadq.
()
A  < , so equation () has at least a positive root u
, then system () has a coexisting equilibrium E * = (u * , v * ). The possible number of equilibria can be better analysed by studying the intersections of the nullclines which is one of great feature of planar systems. Let f (u, v) =  and g(u, v) = , we show the existence of non-negative equilibria in Figure . 
Local stability and bifurcation
In this section, we discuss the local stability of non-negative equilibria. Before developing our argument, let us set up the following notations.
are the eigenvalues of -on under homogeneous Neumann boundary condition. We define the following space decomposition:
(i) S(μ n ) is the space of eigenfunctions corresponding to μ i for n = , , , . . .
∂u ∂ν = ∂v ∂ν = }, and so X = ∞ i= X i , where
The linearization of system () at a constant solution E * = (u * , v * ) can be expressed by
In view of Notation ., we can induce the eigenvalues of system () confined on the subspace X i . If λ is an eigenvalue of () on X i , it must be an eigenvalue of the matrix -μ n D + J * for ∀ n ∈ {, , , . . .} := N  , where
It is easy to see that λ satisfies the following characteristic equation:
()
4.1 Stability of constant steady state as τ = 0
Clearly, we obtain
Hence, E  is always stable.
() For E  = (m, ), the corresponding characteristic equation is
Obviously,
All roots of () have negative real parts if
Therefore, the coexisting equilibrium E * = (u * , v * ) of system () is locally asymptotically stable for τ =  when condition () holds.
Hopf bifurcation
In this section, we are going to analyze the conditions about the parameters under which the Hopf bifurcation occurs at the coexisting equilibrium. Assume that iω (ω > ) is a root of equation (). Then ω should satisfy the following equation for some n ≥ :
which implies that
From (), adding the squared terms for both equations yields
For further discussions, we make the following assumptions: Proof From equation (), we know that
By (H  ), we get B n + C > . Obviously, if (H  ) and (H  ) hold, then
for any n ≥ . These imply that equation () has no positive roots, and hence the characteristic equation () has no purely imaginary roots. Therefore, all roots of equation () have negative real parts as τ ≥ .
Denote
Thus, there must exist some N * ∈ N  , such that μ * = μ N * or μ N * < μ * < μ N * + . Hence, we have the following lemma.
Lemma . If (H  ) and (H  ) hold, then equation () has a pair of purely imaginary roots
Proof From hypothesis (H  ), we know that B n + C > . We have
Hence, equation ( 
is the imaginary part of the purely imaginary root, at 
Proof From the above analysis, we know
n is decreasing in n and A  n -B n is increasing in n. We obtain
Notice that B n is strictly increasing in n for  ≤ n ≤ N * . Then we find that
is strictly increasing in n. Namely,
From Lemma ., we know that τ
Then the following transversality condition holds:
for j = , , , . . . , and  ≤ n ≤ N * .
Proof Differentiating the two sides of equation () with respect to τ yields dλ dτ λ + A n -Cτ e -λτ = Cλe -λτ .
Hence, dλ dτ
Substituting τ j n into the above equation, we obtain
From the above analysis, we have the following conclusion.
Theorem . If (H  ) and (H  ) hold, then the following statements are true:
, the coexisting equilibrium of system () is locally asymptotically stable. 
Direction and stability of Hopf bifurcation
In the previous section, we have shown that system () admits a series of periodic solutions bifurcating from the coexisting equilibrium at the critical value τ j n (n, j ∈ N  ). In this section, we derive explicit formulas to determine the properties of the Hopf bifurcation at the critical value τ j n (n, j ∈ N  ). By using the normal form theory and center manifold reduction for PFDEs developed by [] .
For fixed n, j ∈ N  , denote τ j n by τ * and introduce the new parameter μ = τ -τ * . Normalizing the delay τ by the time-scaling t → t/τ . Then () can be rewritten as
and
Then the linearized system of () at (, ) is
Based on the discussion in Section , we can easily see that, for τ = τ * , the characteristic equation of () has a pair of simple purely imaginary eigenvalues  = {iω  τ * , -iω  τ * }.
, consider the following FDE on C:
whose elements are of bounded variation such that
In fact, we can choose
where δ is the Dirac delta function. Let A(τ * ) denote the infinitesimal generator of the semigroup induced by the solutions of () and A * be the formal adjoint of A(τ * ) under the bilinear pairing
and A * are a pair of adjoint operators. From the discussion in Section , we know that A(τ * ) has a pair of simple purely imaginary eigenvalues ±iω  τ * , and they are also eigenvalues of A * since A(τ * ) and A * are a pair of adjoint operators. Let P and P * be the center spaces, that is, the generalized eigenspaces of A(τ * ) and A * associated with  , respectively. Then P * is the adjoint space of P and dim P = dim P * = . Direct computations give the following results.
Lemma . Let
is a basis of P associated with  and
is a basis of Q associated with  . Let = (  ,  ) and
. From (), we can obtain ( *  ,  ) and ( *  ,  ). Note that
Therefore, we have *
Now, we define ( * , ) = ( * j , k ) (j, k = , ) and construct a new basis ψ for Q by
Obviously, ( , ) = I × , the second order identity matrix. In addition, define
Then the center space of linear equation () is given by P CN C, where
and C = P CN C ⊕ P S C, here P S C denotes the complementary subspace of P CN C. Let A τ * be defined by
From (), we have
Then by (), () and (), we can obtain the following quantities:
Since W  (θ ), W  (θ ) for θ ∈ [-, ] appear in g  , we still need to compute them. It follows easily from () thaṫ
By the definition of A τ * , we get from ()
Using the definition of A τ * , and combining () and (), we get
Then we have
From the above expression, we can see easily that
In a similar way, we havė
Similar to the above, we obtain
So far, W  (θ ) and W  (θ ) have been expressed by the parameters of system (). Therefore, g  can be expressed explicitly. However, as τ increases further, with the same initial values, the solution converges to E  , as shown in Figure  . All this suggests that the increasing delay may cause the prey and predator to go extinct. 
The effect of Allee effect
In order to investigate the effect of Allee effect, we let the parameters be the same as above except for m varying in [., .]. The stability and instability regions of the solution of the system () is shown by plotting the Allee threshold m versus the critical value of the time delay τ in Figure  . Figure  depicts also show the locus of the Hopf bifurcation changes with the change of the two parameters m and τ . We see that as the Allee threshold m increases from . to ., the Hopf bifurcation is achieved for lower critical values of τ .
Conclusion
In this paper, we considered a delayed diffusive predator-prey system with BeddingtonDeAngelis functional response and strong Allee effect. With delay τ as a bifurcation parameter, we showed that a Hopf bifurcation occurs at the critical value τ   . The bifurcating periodic solutions were analyzed in light of the normal form and center manifold. Theoretical analysis shows that with the strong Allee effect in prey, extinction for both species is always a locally stable equilibrium. If u  (x, t) < m, then both prey and the predator are destined to go extinct (Theorem .(b)) and if
K(e-bd)-ad cd
< , then the predator is destined to go extinct (Theorem .(c)). Theoretical analysis and numerical simulations also show that that the increasing delay may cause the prey and predator to go extinct. However, there are still many problems about model () that need to be studied, such as Turing stability, spatiotemporal patterns.
